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On the Singularity Method of Subsonic Lifting-Surface Theory
SIEGFRIED WAGNER*

Ames Research Center, NASA, Moffett Field, Calif.

The theory presented in this paper is an extension and an improvement of the lifting-surface
theories of Multhopp and Truckenbrodt for steady subsonic flow. Some of the restrictions
in the application of the existing theories are removed and the accuracy of the results is im-
proved. The range of validity of lifting-surf ace theory is extended to include the leading
edge of the wing, and an optimal number of integration stations for spanwise integration is
calculated. The positions of these integration stations are not identical with the spanwise
distribution of the control points where the tangential flow condition is fulfilled. The new
integration procedure, along with an accurate treatment of the singularities, allows an im-
proved prediction of the loading of wings with complicated planforms such as double-delta
and variable-sweep wings. Furthermore, a method for calculating the spanwise distribu-
tion of the leading-edge-suctioii force and of the induced drag is developed.
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Nomenclature

= aspect ratio, b2/S
= wing span, 2s
= local streamwise chord
= coefficient of local induced drag
= local lift coefficient
— local pitching-moment coefficient about local

quarter chord
= spanwise pressure distribution functions
= local leading-edge- thrust coefficient
= coefficient of induced drag based on the spanwise

distribution of circulation (Hunk's theory),

= coefficient of induced drag based on thrust, CDH =
CL-OL-CT

= lift coefficient, liit/q^S
= incremental pressure coefficient, &p/qm
= thrust coefficient, thrust /^S
— thrust coefficient, using Hunk's theory, CL.-OL —

CD,
= complete elliptic integral of second kind
— dimensionless spanwise pressure distribution

functions, cn(ri)c(^) /2b
N
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Subscripts
ac
e
le
te
th

(y - y')/c
angle of attack, rad
Prandtl-Glauert compressibility factor, (1 —

M2)1/2

23 = width of strip near control sections (see
Fig. 5)

?7max' — T]v, locations of maxima of kernel func-
tions

trigonometric variable for spanwise quadrature
leading-edge sweep angle, deg
Cartesian coordinates nondimensionalized with

respect to 6/2
coordinates of the control points
dimensionless thrust coefficient, ct(-r]}c(r])/2b
arc cot (jS'Cot A)
functions representing the leading- and trailing-

edge sweep

aerodynamic center
experiment
leading edge
trailing edge
theory

h n ( X ] = chordwise pressure distribution functions
Hn(X,Y) = influence functions
k,kr = moduli of complete elliptic integrals
•Kn(£p,^,V) = Hn(ZP,Vlv,riv) — Hn^prfvrf')
K ( k ) — complete elliptic integral of first kind
M — Mach number or number of spanwise control

sections
Mi,Mz = number of integrating stations for spanwise

quadrature
N — N -f- 1 = number of chordwise control points
Ap = lifting pressure, piower — 7>uPPer
qm = dynamic pressure
Qnfe,i?y,V) = Hn(£p,r]v,ri' -+• v]v) — #n(£p,^,i?i>)
R = number of integrating stations for chordwise

quadrature
s = wing semispan
S = total wing area or suction force
T = thrust
U = free-stream velocity
u,v,w = perturbation velocities
x,y,xf>yf — Cartesian coordinates (see Fig. 1)
X = (X - Xle)/C
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I. Introduction

THE study discussed in this paper was performed with
the objective of improving the numerical solution of the

singular integral equation of lifting-surface theory for steady
subsonic flow.

There exist various approaches to this problem, each of
them having certain advantages and disadvantages, which,
however, are not discussed in this paper. This has already
been done by other authors, for instance, Landahl and
Stark.1 For the present solution, the collocation method
has been chosen, starting from the theories of Multhopp2 and
Truckenbrodt.3 It is intended to remove some of the re-
strictions of these theories2-3 and to change some of the
numerical procedures to improve the accuracy of the results.
It should be noted that both of these theories were formu-
lated at a time when high-speed computing was at the be-
ginning of development, and one had to compromise between
the accuracy of the results and the computing effort required*
Many authors4"7 have incorporated certain improvements
and modifications of the theories2-3 by selecting more chord-
wise control points or changing their spanwise positions or
by modifying some numerical procedures with respect to
automatic computation. However, the basic methods re-
mained unchanged, i.e., no control points are allowed at the
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II. Integral Equation of Lifting-Surf ace
Theory for Calculating the Pressure

Distribution of Wings

The present theory is based on the initial assumptions of
the lifting-surface theories of Multhopp2 and Truckenbrodt.3
The wing is replaced by a sheet of singularities, and the
strength of these singularities (which is proportional to the
resultant pressure between the lower and upper surfaces of
the wing) is obtained by fulfilling the tangential flow condi-
tion along the surface of the wing and the Kutta condition
at the trailing edge. This leads to the following singular
integral equation for the unknown pressure distribution:

(-n ~ V)2

i(M,̂  i
(r, - j,')2 e-

leading edge of the wing, and the positions of the control to be defined by
points (where the tangential flow condition is fulfilled) and
the integrating stations are identical. But, if the spanwise
gradients of the wing loading are steep or discontinuous
(e.g., near the wing tips, at discontinuities in the wing plan-
form, or near deflected flaps), a large number of integrating
stations and (since they are identical with the control points)
a large number of control points are required to accurately
define the spanwise pressure distribution. This requires the
treatment of a large number of linear equations.

Garner and Fox8 modified Multhopp's method in such a
way that the number of spanwise integration stations is a
multiple of the number of spanwise control sections. But
they did not optimize the distribution of integration sta-
tions. There are, of course, other methods, (e.g., Refs.
9-12), which do not share the restrictions of Multhopp-
Truckenbrodt type methods. Nevertheless, all the meth-
ods mentioned so far do not allow leading-edge control
points.

In the present theory, the validity of the integral equation
of lifting-surface theory is extended to include the leading
edge of the wing. Five chordwise control stations (in-
cluding the leading and trailing edges) are used, and integra-
tion in the chordwise direction is accomplished with im-
proved accuracy, especially near the spanwise singularities.
The spanwise pressure distribution functions are approxi-
mated by Multhopp's well-known approximation poly-
nomials. Thus, the system of integral equations is trans-
formed into a set of linear equations for the unknown values
of spanwise pressure distribution functions at a number of
spanwise control sections. The remaining integrals that
have to be evaluated in spanwise direction involve a singu-
larity. To accomplish this integration with high accuracy,
the wing is divided into three spanwise regions. The first
region consists of a small strip in the vicinity of the control
point. The second and third regions consist of the wing to
the left and to the right of this strip, respectively. In the
first region, which involves the singularity, the influence i
functions are approximated by functions that contain all hn(X) = —
the singularities. The integrals in this region can then be
solved analytically. In the second and third regions, the
integrals are evaluated by a Gaussian quadrature rule. In
addition, an optimal number of integration stations is com-
puted, and their positions differ completely from the dis-
tribution of control points.

Finally, a formula is derived to compute the spanwise dis-
tribution of the leading-edge-suction force and the induced
drag. The results of the present theory are compared with
former methods and with experiments.

The wing geometry and the coordinate system used are
illustrated in Fig. 1.

It is assumed that the pressure distribution can be repre-
sented by a linear combination of spanwise and chordwise
pressure distribution functions (pressure modes):

9b N

(3)

Thus, the integration of Eq. (1) in chordwise direction can be
separated from the integration in spanwise direction:

Jo1
.(£,M') = Ha(X,Y) =

o1

where

X =

7 =

X' =

dx> (4b)

(5)

Following the basic assumptions of Multhopp and Trucken-
brodt, the chordwise pressure modes hn(£) are prescribed by
utilizing the pressure distribution functions of two-dimen-
sional thin-airfoil theory f (the arguments justifying this
assumption are discussed in Ref . 13) :

~ Xv/2 rTn( - 2X)
I - X

n = 0,1,2, ...,N
(6a)

The functions Tn are Chebyshev polynomials of the first
kind with the argument 1 — 2X. The functions hn can be
handled more easily when transformed to trigonometric
arguments.

2

where
(6b)

A" = - cos*)
The pressure modes hn are illustrated in Fig. 2. It has been
shown2.3 that the spanwise pressure modes

c.(ij) = [26/c(ij)]/«(ij) (8)

have a physical meaning when the pressure distribution
functions &„(£) of Eqs. (6) are used. For instance, c0 and
Ci are proportional to the local lift and local pitching moment,
respectively .t

co(r?) = CZ(T?) (9a)

ci(n) = 4cw(77) (9b)

X by
t Usually the pressure distribution on a thin air-foil is described

N
= Ao cot— +

2i
An sinner

This integral contains a strong singularity at r\ -> 77' and has
t The coefficients A.n are related with the cn = (2b/c)fn by c0 =

Ai) and cn = (ir/4)(An+i - A«).
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Since the chordwise pressure modes are prescribed, the
integration in chordwise direction is reduced to the evaluation
of the so-called influence functions Hn(XtY) in Eq. (4b),
which now depend only on the geometry of the wing plan-
form and the Mach number. Thus, the integral equation
for the unknown pressure distribution A(7p(£,r?) given in
Eq. (1) is transformed into a system of integral equations for
the unknown spanwise pressure modes /„( 17), Eq. (4a).

III. Solution of the Integral Equation
of Lifting- Surf ace Theory, Including

the Leading Edge

Distribution of Control Points

Because of the high amount of computation, the tangential
flow condition cannot be fulfilled along the whole surface of
the wing but only at a restricted number of points, which
may be called control points. In the present method,
]\T + 1 = 5 chordwise control points are used at each of the
M = 15 spanwise control sections. The coordinates of the
control points are

XP = p = 0,1, . . . ,
(lOa)

77, = cos [7^7 (M + ! ) ] , * > = 1,2, . . . , M (10b)

The reason for selecting these positions for the control points
is explained in Refs. 13 and 14. It may be remarked that
the spanwise control lines include the leading and trailing

Integration in Choi'dwise Direction

It has been shown in Sec. II that the chordwise integration
of the integral equation (1) is identical with the computation
of the influence functions that only depend on the geometry
of the wing planform and the Mach number. However,
exact calculation of the influence functions is unfortunately
quite laborious, because, even for the first two functions H0
and Hi, one gets very complicated expressions involving
elliptic integrals of the first, second, and third kind. For
n ^ 2, the analytic formulation of the influence functions
becomes so difficult that one is more or less forced to look for
other methods. Since the elliptic integrals have to be
evaluated numerically anyhow, a convenient alternative in
this case is numerical integration. Therefore, in the present
method, the influence functions are computed by the follow-
ing Gaussian quadrature formula (see Refs. 13 or 14) :

(lla)

Fig. 2 Chordwise pressure distribution functions.

where
72)-1/2 (lib)

= (2X - cos*;
(lie)

(lid)

(He)
Gni = cosn*; + cos(n + 1)*;

*. = TT-i/(R + 1), i = 1,2, ...,R
If Y = 0, the application of Eqs. (11) requires modification.
But that is unimportant since, for that case, the integrals
can be solved exactly.

H»(X,Y = 0) = (2/7r)(*0 + 8111*0), n = 0 (12a)

n = 1,2, . . .

*0 = arc cos(l - 2X), 0 ̂  *o ̂

(12b)

(12c)

Furthermore, one has to notice that the integrands of the
influence functions

{1
cos(n + 1)*] X

- 1 + cos*)[(2X - 1 + cos*)2 +

n 0,1,2, . . .
(13)

Fig. 1 Wing geometry and coordinate system.

have very steep gradients for small values of Y (i.e., near
the spanwise singularities) as illustrated in Fig. 3. In these
regions, the numerical computation of the influence func-
tions has to be performed very carefully, since the accuracy
of the computation, especially near the singularities, has an
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Fig. Sj^Typical integrands ln (\p) of influence functions
Hn (X, Y) for X = -0.25 and Y = 0.01.

important influence on the accuracy of the final solution.
To accomplish best accuracy, it is recommended that the
number of integration stations, R, be selected in accordance
with the relationship R = 6/ — l ( j = 1,2, . . . ). Extensive
investigations have shown that, for instance, the relative
error can be kept below 0.01% by selecting the following
numbers R for different domains of Y: 0.1 ^ Y, R = 29;
0.05 ^ F < 0.1, R = 65; 0.001 < Y < 0.05, R = 233;
0.00005 ^ r ^ 0.001, R = 329.

Integration in Spanwise Direction

Fulfilling the tangential flow condition at the (N + !)•
M control points (^P,^), one gets the following system of
integral equations for the unknown spanwise pressure modes
Jn(rj),n = 0,1, ...,N [seeEq. (4a)]:

where

v = 1,2, . . . , M; p = 0,1, . . . ,

;\ _ V^ ft /> /\

(14a)

(14b)

To solve this system of singular integral equations, one
has to investigate the behavior of the function g(^P,rjv,rjf)
in the vicinity of the control points. Therefore, the influ-

ence functions //74(?P, 17^,17') are developed for small values of
F.

where

17,) = //»(&,T?,,T7,) + C»(fp,i?,,V) (15)

,.)!*?'2 + (1 + 2n + 2n2)$2te,e)|F|3'2,
(16a)

nC^lM') = 2hn(Xp)

= 1,2,3 (16b)

/2, p = 4 (16c)

The values //„(&,, TM,,) = Hn(Xpft) can be calculated by
Eqs. (12). 'The functions Site) and S2te) represent the
influence of leading- and trailing-edge sweep.

= (8 AT) • (17a)

= 1 _ &'2 - 4 COs(7T/4 -

cos(7r/4 -

(17b)

(17c)

In the above formulas, the angle <p should be the angle <pie =
arc cot (/? cotA?e) for the leading edge and <pte = arc cot (/3
cotA.te) for the trailing edge. For p = 1,2,3, one has to use
the relation tan<pp = [1/]S][(1 — Xp) tanAie + XP tanA<e].
The angles Aie and A< e are measured between the 77 axis and
the wing edge (see Fig. 1). For the calculation of the func-
tions Site) and <i>2te), the angles are valid only in the in-
terval — (?r/2) ^ <p < (7T/2). On passing from the half-
plane to the right of the section j\v to that to the left, Site) and
S2te) should be replaced by SI(TT — <^) and S2(7r — <^).

According to Eq. (16a), the singularity at the leading edge
is of order f (see also Ref. 15). Therefore, at the leading-
edge, Eq. (2) is no longer valid. To get the correct result,
one has to evaluate integrals of the form (see also Ref. 13).

- -n'Y + f'2

- -45-

This result indicates that the singular integrals of Eq. (4a)
are also valid for the leading edge. The only, but important,
difference is that they are not defined by Cauchy's principle
value but by Hadamard's16 theory of finite part integrals

-2 i = 1,2, . . . (18).

where a < y, as shown by Mangier.17

There are no rigorous mathematical rules for the solution
of the system of integral equations (14). Multhopp18 de-
veloped a very efficient method for solving integral equations.
He expressed the unknown function as a trigonometric inter-
polation polynomial and defined the integration stations in
such a manner that the function values themselves, instead
of the Fourier coefficients, appear as the unknowns; this
amounts in fact to a linear transformation of the integral
equation. Multhopp2 and Truckenbrodt3 do not apply the
method of Ref. 18 to the unknown spanwise pressure dis-
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tribution functions fn(rj) alone, but to the functions

(F ;̂)1
\1 - 1\v*J

This procedure has the advantage that many matrix ele-
ments of the set of linear equations are zero. Thus, the com-
puting effort required is reduced remarkably, and comparisons
with measurements have shown that the results are satisfac-
tory for simple planforms. The spanwise coordinates of
the M control points and of the integration stations appro-
priate to the M-point integration rule are identical and
prescribed (see Fig. 4). However, for wings with complicated
planforms, such as double-delta or variable-sweep wings, a
large number of spanwise integrating stations and (since
they are identical with the spanwise control sections) a large
number of control points are required to accurately define
the spanwise pressure modes. This requires the treatment
of a very large number of linear equations. Therefore, in
the present theory a method is developed, where the spanwise
integration stations are not identical with the spanwise
control sections. First, Eqs. (14) are transformed into a
more convenient form.

X

v = 1,2, . . . , M

where

and

(19a)

7', p = 1,2, ...,N

(19b)

j ' ) r f77 ' , p - 0 (19c)

Hn&prfvrf) (20)

# + i CTI,,-* r1
. rfV = I . . . dV + I . . . dV C

-1 */ — 1 J ??;, + «
(21)

For the unknown spanwise pressure modes fn(rj')j Mul-
thopp's well-known development of the Lagrangian inter-
polation formula is now introduced.

M
(22a)

where

- ' M + i ̂

( i (0' = em

(M + i c7
(22b)

and
= arc COST?'

The functions fnm = fn(0m) are the values of the spanwise
pressure modes /n(i?') at locations

rjm = cos0m, Om = 7r-m/(M + 1), m = 1,2, . . . , Af (23)

Using the interpolation formula (22), the first integral in
Eq. (19a) can be evaluated analytically.

(24)

Fig. 4 Mul-
thopp's method:
location of con-
trol points and
integraitng sta-

tions.

/INTEGRATING
SECTION

CONTROL POINTS

wiiere

M + I

1 (

(0, = 6>m)

-1^ + m
(25)

2(M + 1) (cosfl,, -

Integrating the integrals of Eqs. (19b) and (19c), the wing
is divided into three regions (Fig. 5). The first region con-
sists of a small strip of width 25 in the vicinity of the control
point. The second and third regions consist of the wing to
the left and to the right of this strip, respectively.

In the first region, which involves the singularity, the in-
fluence functions are approximated by Eq. (15), and the un-
known functions fn(rj') are replaced by fn(yv) since d > e
is a very small positive number. Now the integrals can be
evaluated analytically and with high accuracy by choosing
an appropriate value for d. Defining the coefficients

J^

2?T

(26b)
p = 1,2, . . . ,7V

the following results are obtained for the first region rjv —

In + 2n2) X

-0» +

/>

20(77,)

p = 0 (27a)

L>r

\ /-INTEGRATING SECTION

CONTROL POINTS

( LOCATION OF ,
CONTROL POINTS
INDEPENDENT OF

INTEGRATING
STATIONS

Fig. 5 Present method: spanwise distribution of in-
tegrating stations for one spanwise section of control

points.
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Fig. 6 Integration in span wise direction.

1 dhn(Xp) |~
7T <OT' L

6/3 65/3
(27b)§

P = 1,2,

Anp = 2n) X

~ 0)] », p = 4 (27c)

In the second and third regions of the wing, the integrals
of Eqs. (19b) and (19c) can be evaluated numerically ap-
proximating /n(V) by Eqs. (22). Since the integrands of
the integrals are very steep near the singularity, i.e., at one
end of the integration interval (Fig. 6a), the integration
domains — 1 ^ ??' ^ T]V — 5 and r\v + d ^ rjr ^ 1 are trans-
formed to an interval 0 ^ 0i,2 ^ TT

1 + ^ + <> , 1 — t\v —
r-» ' r»

rir+d^iii^l

-I + rjv - d 1 + ^ - S
2 + 2

-1 ^ 7]2 ^ t\v ~ 5

(28a)

(28b)

§ For integration purposes, one has to neglect the first term
of Eq. (16b) as shown in Ref. 13.

The transformed integrands are zero at both ends of the
integration interval having a maximum at the end near the
singularity (Fig. 6b). The integrals are now evaluated by
a gaussian quadrature rule.

K:(^:^ «.(„) BinM^ =

where

^) and ft - 7ri

1 + ^ - 5 f ^
—— ̂  —— Jo

£ '-TT îrST *-M sin* (29a)

1), i = 1,2, . . . , MI (29b)

1 + ryy - 1
4 M2 + 1 ̂

where

r]j = rfr(0j) and ft = TTJ/

ryy) sinft (30a)

1), y = 1,2, . . . , M2 (30b)
Summarizing all the results, the following set of linear equa-
tions for the (N + l)-M unknowns, fnm is obtained.

N M
avapv =

n = 0 m = l

v = 1,2, ...,M;p = 0,1, . . . ,
(31)
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where

is mthe Kronecker symbol : 8vm = 0 for v vn» =
The expressions for the quantities sm(r/») and1 for v = m

sw(r?y) are

(_
Ji/y = COS 6m)

0m sin[(M
M + 1 w; - cosfl™

(i?,/; ^ cos0TO) (32)

The following considerations should be noted in context of the
quadrature formulas (29) and (30) regarding the choice of Mi
and Mz. The integrands in Eqs. (29a) and (30a) have sharp
peaks in the vicinity of r\vj i.e., at one end of the integration
interval (see Fig. 6b). To increase the accuracy, it is there-
fore advisable in numerical calculations to locate one integra-
tion station at the maximum of the integrand. This demand
can be used to calculate MI and M2. Because of the complex
structure of the influence functions Hn^prfvj'n'), it is difficult
to locate the maxima of the integrands exactly. Therefore,
the functions Hn(^p}7]V)7]f) are replaced by their approxima-
tions Hn(£p,7)v,7i' ->• rjv), so that we have Kn(^p}f]v,r]f — >• rjv) =
— Qn(ZpJ'nVj'nf). The error evolved will not be large because
the maxima are located near rjV} and therefore, we may also
assume sm(r]') « 1. The coordinate of the maximum is ob-
tained from (d/de)[Qn(^P^v^r) sinfl/^ - ry ' ) 2 ] = 0, where
77' is denned by Eqs (28). The positions €P(TJV) = rjm^' — T\V

for the different chordwise control stations are (n = 0).

«b(^) = (1 - i?, + $) - Id - i?,)2 ~ 5(1 - if,) + 52]1/2

(leading edge) (33a)

e*M = [(1 ~ i?,)«]1/2 (trailing edge) (33b)

2(e, - 6) (1 - J]V - ep) + [Sc(riv)/bepp] Xp(l - Xp) X
[(1 — riv)(ep — 26) + epd] tan<pp -f ep(l — 77 „ +

d - 2ep) ln[&eP/3/2c(T7,,)] = 0, p = 1,2,3 (33c)

For Xp = 0.25, 0.5, and 0.75, ep has to be determined as a root
of the transcendental equation (33c) . After having calculated
€P, the number of integration stations MI is obtained from

= TTUM I arc cos 1 — - —— - ——— - }
I L I — t\v — o J J

p = 0,1, . . . ,
(34)

Numerical investigations have shown that optimal results
are achieved when the fourth integration station is located
at the maximum, i.e., UM — 4. It must be remembered
that, sometimes at the trailing edge, the distances of the
maxima from the control section are too great, so that it is
inaccurate to replace the influence functions by the approxi-
mation curves. However, in these cases, the integrands

\.C-

r CT 1.0

^
and

- ~s~ .8

.6

.4

xac ___ ' ' ' : : i
S

CT __ —— — ——— ————————
CTM

CL—— —— " —— "~~
-

THRUST COEFFICIENTS:
CT (INTEGRATED THRUST DISTRIBUTION

OF PRESENT THEORY)
CT (MUNK'S THEORY FOR CALCULATING

M THE INDUCED DRAG)

CTM = CL a - CD.

0 .005
Sb
2C

!

—

-

~

.0

Fig. 8 Accuracy check of present method.

are very flat curves and have no steep maxima. Therefore,
it is not necessary to put an integration station at the maxi-
mum, and there is also no need to change the procedure for
calculating the number of integration stations since they
have no influence in the results.

There is a similar formula for calculating Mz, but for a
symmetric wing, Mz(r)v) = MI(TJM+I-V)> The numbers
MI and Mz are integers, and therefore, the results of Eq.
(34) must be rounded off.

IV. Calculation of Spanwise Distribution of
Induced Drag and Leading-Edge-Suction Force

In order to calculate the spanwise distribution of induced
drag, one has to compute the spanwise distribution of lift
and thrust, which is the component of suction force in stream-
wise direction. Since the flow near the leading edge of
a flat plate at an angle of attack (Fig. 7a) is similar to the
stream round a sharp wedge (Fig. 7b), one should be able to
use results of two-dimensional potential theory. Grammel19

showed that the suction force S at such a sharp wedge in
incompressible flow is equal to irpG2 if the velocity near the
leading edge becomes infinite like

w(z -> 0) = limGz-1'2

where z = x + iy and G is a real constant. This result can
be transferred to the incompressible flow round a flat plate
(Fig. 7a) where the velocity field can be found to be

w(z) = [/{cosa — i sma[(z — c)/z]1/2}

The constant G is now

G = lim w(z)z112 = Uc112 sma « Uac112, a « 1

Thus, one obtains for the suction force, S = pirG2 = irpcU2

sin2a. This result is identical with the exact solution. It also
shows that the suction force S depends only on the nature of
the velocity u. In compressible subsonic flow, one has to
reduce the velocity to the incompressible case using the
Prandtl-Glauert rule. The suction force obtained by this
procedure has to be corrected then by the same similarity
rule.

(35a)

(35b)= 7rpG*//3
It is assumed (see Ref. 20) that this concept can be ex-

tended to a three-dimensional wing, surmising that the suc-
tion force at a point along the leading edge depends only on
the nature of the induced velocity normal to the edge at that
point. The velocity u near the leading edge of a wing is

U
Fig. 7 Computation of suction-force distribution.

1/2 N
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O

METHOD

THEORY (Ref. 3)
THEORY (Ref. 3)
EXTENDED TO 5 CHORD-
WISE CONTROL POINTS
PRESENT THEORY
EXPERIMENT (Ref. 6)

CL

3.153

3.084

2.844
2.750

(CL)e-(CL)th

(CL)e

-14.7%

-12.1%

-3.4%
-

X QC

s
1.093

1.103

1.148
1.205

(*ac)e-(xac),h

(*ac)e

9.3%

8.5%

4.7%
-

c, 2

0.330
.304

.276

4^
0.242

.249

.276

%^L
-36.4%

-22.1 %

0%

CD j

0.075

.075

.075

C p j j

-0.013

.020

.075

C D j

117.3%
73.3%

0%

a) Spanwise lift and pitching-moment distribution ° 25 50 75 ' -°°

b) Spanwise distribution of leading-edge thrust and in-
duced drag

Fig. 9 Forces and moments predicted by three theoretical methods and compared with measurements for A = 4.304
variable-sweep wing at M = 0.23.

To obtain the normal velocity, one has to evaluate

udx = —7-^ (a

where xn and yn are coordinates of a system, the axes of
which are normal and parallel, respectively, to the leading
edges of the wing (see Fig. 7c). To use Eqs. (35) correctly,
one has to replace u by un and ft by
f t n = [I - (M cosAze)2]1'2 = sinAze(l + /32 cot2AZe)^2 (37)

The thrust T or the suction force S is now obtained from

dS/dyn = dT/dy = (irp/pn)Gn*
where

G — R lim\J n — M n Ulli
1/2 =

xn^o " w cosAze)1/2

Putting Eq. (39) into (38), one finally gets

dT o8nl

(38)

(39)

or

2C7T

CT = A

[.?.•
(40)

where

2b (41)

After ct(r\) has been calculated, the spanwise distribution
of the induced-drag coefficient is simply obtained from

Cdi(rf) = Ci(rj)a — Ct(ff) (42)

The coefficient of the total induced drag can now be com-
puted in two different ways. One can either use the coeffi-
cient of the total thrust obtained by integrating the thrust
distribution

CDii = CL-a- CT (43)

or Munk's theory21:

/
+!

footidr] =
— i

IT F M

TA|_,?1
/8'* + 2

M

E
M

= 2,4,

"I
/O^/Om

J

(44)

The comparison of CDi and CDU or CT and CTM = ^^a —
CDi is also a sensitive indicator for the numerical accuracy
of a lifting-surface theory. In the present theory, it is used
to determine the best value of Fmm = db/2c(rj).
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There is an optimal value for Fmin. If Fmin is getting
larger and larger the assumption that fn(y') is equal to fn(^]v)
= const within rjv ~ d < rjr < TJV -[- d becomes increasingly
less accurate. If Fmin is getting smaller, the errors in the
numerical integration procedure increase since the peaks of
the integrands near the singular point (see Fig. 6b) maximize.
Figure 8 shows that the accuracy of the present theory is very
good and that CT/CTM, CL, and xac/s do not change too
much with Fmin.

V. Results

To investigate the accuracy of the present theory, the
loading has been calculated for a variable-sweep wing as
illustrated in Fig. 9a. The results are compared with
measurements^ of Ref. 6 and with Truckenbrodt's theory,3

which uses two chordwise control points. To get a better
idea of the improvement of the present theory due to the
new quadrature procedures, Truckenbrodt's method was
extended to five chordwise control points located at the same
positions as the present method. Therefore, the extended
Truckenbrodt method now involves the treatment of the
leading-edge singularity, also. In Fig. 9a, the spanwise
distributions of lift and pitching moment computed by
several theories are compared with measurements. At the
inboard panel, the theoretical lift distributions are in good
agreement with the measurement, whereas at the outboard
panel, the deviations become larger. The differences in the
results between the present theory and the measurements
are the lowest and acceptable. The over-all lift of the
present theory differs from the measurements by 3.4%. A
remarkable improvement by the present theory is obtained
for the inboard pitching-moment distribution, which agrees
well with measurements, whereas at the tips one would wish
a better improvement.

Since the pitching-moment distribution is also used to
calculate the suction-force distribution, the inaccuray of the
original and extended Truckenbrodt methods** in predicting
the pitching moment is also reflected in the distribution of
the leading-edge thrust and of the induced drag (Fig. 9b).
These methods predict a higher suction-force distribution
than the present method, especially at the inboard panel,
which causes a distribution of low induced drag. The total
drag CDut computed by integrating the distribution, is even
negative in Truckenbrodt's original theory. Therefore, the
comparison of total thrust CT obtained by integrating the
distribution and CTM calculated with Munk's theory do not
agree very well in both the original and extended Trucken-
brodt theory, where the errors are 36.4 and 22.1%, respec-
tively. Lamar6 showed that Multhopp's theory2 can be
improved by choosing an optimal combination of chordwise
and spanwise control sections. This should also be valid for
Truckenbrodt's theory.3 However, the number of matrix
elements usually increases rapidly.

VI. Applications

The theory discussed in this paper can be applied to low
cambered wings with arbitrary polygonal planforms, in-
cluding highly swept wings, so long as the results of a linear
theory are meaningful. The idea for computing an optimal
number and distribution of spanwise integration stations
might also be useful for other theories, e.g., Ref. 9. The
calculated distribution of the induced drag and leading-edge-
suction force could be used to locate appropriate devices

^ The measurements were made at an angle of attack a =
3.14°. In Fig. 9a, the experimental results are extrapolated
linearly to « = 1.0 rad.

** The suction-force distributions of the existing theories were
computed by the present method using the load distributions
that were predicted by the existing theories.

for control of flow separation at the leading edge of wings
and to get minimum induced drag for a given wing.

VII Conclusions

The lifting-surface theory at steady subsonic flow has been
extended to include the leading edge of wings. Five chord-
wise control points have been distributed equidisfcantly
along the chord, including the leading and trailing edges.
The numerical integration procedures both in chordwise and
spanwise directions used in the described theory, along with
an accurate treatment of the singularity, have improved
the accuracy of the results. There has also been derived a
formula for calculating the spanwise distribution of leading-
edge-suction force and induced drag. The present theory
has been applied to compute the loading of a variable-sweep
wing. The comparison with measurements and the original
and extended Truckenbrodt methods has shown that the
spanwise distribution of lift, pitching moment, induced drag,
and leading-edge-suction force can be computed more ac-
curately by the present method.
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Peripheral Jets: Effect of Exit Geometry
ANDREW LOWENSTEIN,* PAUL BERRY, f AND ROBERT E.

Rensselaer Polytechnic Institute, Troy, N. Y.

This investigation was designed to examine the effects of various geometric parameters of
the exit on the lift of a peripheral jet device. The variables considered were: the operating
height, the curtain thickness, the base extension beyond the curtain, and the shape of this
base extension. Because of the large number of variables involved, a statistical method of
data gathering was used. Recorded lampblack and kerosene streakline patterns and mea-
sured pressure distributions on the base of the model and on the ground plane revealed three
distinct flow patterns in the vicinity of the exit depending on whether the curtain, as a result
of its expansion due to mixing, left an open, a partially sealed, or a completely sealed gap be-
tween the base extension and the ground. The first occurrence of this sealing phenomenon
was found to depend on the geometric parameters involved and to mark the point where the
measured lift began to deviate appreciably from that predicted by the existing theories.

Nomenclature

augmentation ratio (integrated pressure on base and nose
extension/jet momentum flux)

length of base
height of base above ground
mass flow flux from slot
base extension or overhang
static pressure (base or ground)
base static pressure
total pressure in reservoir
Reynolds number based on nozzle exit conditions =

Ag =

C =
h =
M =
TV =
p =
Pb =
pt =
RN =

t = thickness of nozzle slot
x = coordinate distance measured from inboard end of base
6 — inclination angle of nozzle measured from vertical

1. Introduction

THE peripheral- jet ground-support system is one of a
variety of devices that have shown a good potential for

lifting heavy loads at moderate ground clearances. The
primary feature which distinguishes the peripheral-jet from
other modes of fluid suspension is a jet curtain of fluid that
exits from a nozzle-slot arrangement around the periphery of
the base and is directed towards the ground. The deflection
of this jet curtain by the ground sets up a pressure differential
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across the curtain. The pressure differential, in turn, acting
on the base generates a lifting force.

A substantial number of theoretical and experimental
studies have been conducted in an attempt to analyze the
behavior of peripheral-jet support systems.1"4 In all the
studies of which the authors are aware, the nozzle and slot
arrangement is always located on the outer periphery. How-
ever, it is not inconceivable to envision a ground-support
system that employs a jet curtain that is located at a sub-
stantial distance inboard of the actual periphery of the device.
As a matter of fact, due to stability and control problems,
there are some current thoughts along this same line with
regard to a support system for the tracked air-cushion vehicle
(TACV).

The goal of this report is to present the results of a sys-
tematic experimental investigation that was directed to a
determination of the operational performance of jet-curtain
type ground-support systems that have a moderate amount
of base extension or overhang outboard of the nozzle slot.

Previous researchers have established that there are a very
large number of design parameters that influence the perform-
ance of peripheral-jet support systems. After considering both
the magnitude of the problem and the limitations imposed
on the authors by the test facilities available, the parameters
and magnitudes chosen are shown in Table 1. Further,
these parameters are in ratios comparable to those presently
anticipated on the series of tracked air-cushion vehicles
currently under development in this country.

2. Test Apparatus

Tests were conducted on a two-dimensional peripheral-jet
device designed and constructed by Sandberg.5 Slight modi-
fications to the nozzle geometry of this device were made to
provide for an adjustable slot width. In addition, extra


